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1.

(a) Bill is risk-neutral. What is the absolute risk aversion for Bill? How does he
rank the following lotteries?

— (£24 £12 £48 £6)’ - (£180 £0 £90)

Y g A 3 EVI |

6 6 6 fi 20 20 20

(Note: The first line denotes the possible outcome of the lottery and the
second line denotes the corresponding probability)

What are the risk premiums associated with lottery L1 and L2 respectively for
Bill? [104+10410%]

(b) Suppose an agent consumes three goods, {z,.2,, z,} and the corresponding
prices are {py, p2, pa} respectively. Her utility is U(xq, 20, 72) = /&, + /T, +
v'z,. The agent has income M.

(b-1) Calculate the indirect utility function. (40%]

(b-2) Write in detail the primal and the dual consumer problem associated
with the above utility. [30%)]

1. (a) Consider a lottery which has probability density f(w) = 2w for1 < w < 2. If
the client has log utility (i.e. U{w) = log(w)), calculate the expected utility

(i.e. E(U(Lottery))) and the certainty equivalence of this lottery.
[40%)]

(b) An agent chooses a consumption bundle & = (x;,72) to maximise her utility.
Her utility function is

1 1
Uz, xs) = (3:, - T:f) + (.’L‘g - 213)

where we assume () < 2, < 1and 0 < > < 1. The agent has income M = 1.
Suppose the prices are p; = 3 and p; = 2,
(b-1) Solve for the agent's optimal consumption. (40%)]

(b-2) Furthermore, solve the agent's optimal consumption if her income dou-

bles.
[20%)]
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Example 4. Suppose that there are n assets, all of which are mutually uncorrelated, 1.¢e., the return
of each asset K; s uncorrelated with that of any other asset K in the group. Suppose that the
capected rate of return and variance of each of these assets sy and 0, respectively, A portfolio is
created by taking equal portions of each of these assets; that s, w; = 1/n for each i. Calculate the
capected vate of return and the risk of this portfolio.
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Remark 3. Suppose 0y < oy, then we summarize the different cases as follows:

Cases Isthere:.pordf olw'tmth short selling needed?
oy < 0y(£ a3) ¢

1) -1<pn< e yes no

Ypa=2 no

3B <ppsl yes yes
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Example 1. Given wy = 50%. wy = —25%, wy = T5%; uy = 10%, py = . ps = 12%:;

oy=1, 02 =105, o5 =2; and pra = 0.5, p1s = 0.5, pay =0, find the expected return py and the
risk oy of the portfolio.
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Example 2. An mnvestor holds a portfolio of three assets with weights wy = 0.5,  uy = -0.25, wy =
0.75. The assets have expected returns and standard deviations

= 10%_. M2 = 7%, My = 12%. oy =1, Ty = 0.5, Ty = 2.

and correlations pygx = 0.5, pyy = 0, while pyy 15 unknouwn. The portfolio standard deviation s
observed to be ay = 1.824.

(a) Find the covarance Cov(K,, K;) and corvelation cocfficient p, 5.

(b) Compute the expected return . of the portfolio.
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Theorem 2.4 (Weights of portfolios on the minimal variance line). Assume that detC £ 0. Fir a
level of expected return py. Then a portfolio has the smallest risk among all portfolios with expected

return py o and only of it has the weights C,gfm,,,f,)
1 uC 'y’ Clu" 1A /5‘ )//EMVP
H C-! U C-!
. |C" LT [ = C- I ) M
min _ | BY pC p pre s py (6)

L A uC'u" uC'u' |
puCu" puC i’

where we have used the usual notation for the determinant of a 2 x 2 matriz.
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Similarly to a previous case, we will use the Lagrange multipliers method, To this end, define
Llw. A) = wCw' — A(uw’ —1) = A" = pay).
Then,

VwE =0« 2uC - Ay — /\2[‘ =0&Luw= %(/\1“ + A-_;y)C" (7)

which, in conjunction with the constraints (uw’™ = 1 and pw’ = py), leads to the system with
unknowns only involving A:
MuC'a” + XouC 'y’ =2 ®)
MpClu” +XpC " = 2py

whose solution can be immediately determined, .., by Cramer’s rule. Then, we derive immediately

win® by substituting in (7). O
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Theorem 2.5 (Risk associated to the best portfolio given expected return py). Assume that
det C # 0. Fiz a level of cxpected veturn pry. Then the portfolio that has the smallest visk amonyg
all portfohos uith expected return py has risk/variance as follows.

2 ' I
: 2 (v = pyve) , C
”fn'l‘n‘t‘n = Tavp -+ 1 U.'l”l,

Uaiye
wrgt _pip=AC— B =u"Clup'C'u— (u"C'p)>

Proof. We will skip the proof, as this is computationally heavy. O
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Theorem 3.1. The weights associated to the portfolio with the best portfolio performance eriteria
15 gen by(No need to remember the formulas):

@ L C'u R 1 (0 C'uC'p— " C'uC 'u
dest-performaence — "TC_I" (@ _“TC__lu .

Furthermore, the expected return and the vartance of this optimal portfolio if given by
u C 'y 1 (;fTC' ' C'u—(u'C ';()2)
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Where 1 := p " C ' pu"C 'u — (0" C 7' p)? is a scaler value. Note that this i is the same constant
which appears in Theorem 2.5, This is a consequence of v = ! (since v is scaler) and T =
(CNT (Since C is symmetric).

Proof. Proof using the Lagrange multiplier, O
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Theorem 5.2. Consider a market that consists of one risk-free security wath return R, and n risky
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Figure 5: Left/ Right: Non-existence of tangency portfolio.

Figure 6: Market portfolio for various risk-free returns R.
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Summarizing assumptions of CAPM:

e All investors select portfolios by mean-variance optimization. <——
e All investors have the same investment horizon. < —

e All investors use the same mean return vector and covariance matrix.

=<
-~

-

~

e Individual investors may have different levels of risk aversion.
e Assets are infinitely divisible. <
e No taxes and transaction costs.

e The market is in equilibrium.
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Theorem 4.2 {Brouwer's Fixed Point Theorem). Let X be a compact conver subset of B, Let
T X = X te confinuons, Then T has a fized point. i.e., there exists an x € X such that T(x) = r
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A simple application: If you are in a room and hold a map of the room horizontally, then there is
a point in the map that is exactly above the point it represents.
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Proposition 4.4 (Support Property), In any miced cquilibrium o, all pure strategies s; (for both
players) that recewe positive probabelity under a® yield equal cxpected payoffs:
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